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In a previous paper, we considered the motion of massive spinning test particles in the “pole-
dipole” approximation, as described by the Mathisson–Papapetrou–Dixon (MPD) equations, and
examined its properties in dependence on the spin supplementary condition. We decomposed the
equations in the orthonormal tetrad based on the time-like vector fixing the spin condition and on
the corresponding spin, while representing the curvature in terms of the Weyl scalars obtained in the
Newman–Penrose (NP) null tetrad naturally associated with the orthonormal one; the projections
thus obtained did not contain the Weyl scalars Ψ0 and Ψ4.
In the present paper, we choose the interpretation tetrad in a different way, attaching it to the
tangent uµ of the world-line representing the history of the spinning body. Actually two tetrads
are suggested, both given “intrinsically” by the problem and each of them incompatible with one
specific spin condition. The decomposition of the MPD equation, again supplemented by writing
its right-hand side in terms of the Weyl scalars, is slightly less efficient than in the massive case,
because uµ cannot be freely chosen (in contrast to V µ) and so the uµ-based tetrad is less flexible.
In the second part of this paper, a similar analysis is performed for massless spinning particles; in
particular, a certain “intrinsic” interpretation tetrad is again found. The respective decomposition
of the MPD equation of motion is considerably simpler than in the massive case, containing only Ψ1
and Ψ2 scalars and not the cosmological constant. An option to span the spin-bivector eigen-plane,
besides the world-line null tangent, by a main principal null direction of the Weyl tensor can lead
to an even simpler result.
I. INTRODUCTION
In [1] (henceforth referred to as paper I), we studied
the problem of motion of a massive spinning test parti-
cle (“pole-dipole” body) as described by the Mathisson–
Papapetrou–Dixon (MPD) equations
p˙µ = −1
2
Rµνκλu
νSκλ, (1)
S˙αβ = pαuβ − uαpβ , (2)
where pµ and uµ denote the total momentum and four-
velocity of the particle, Sµν is the particle-spin bivector,
and the dot denotes absolute derivative along uµ. We re-
stricted to vacuum space-times and focused on the depen-
dence of the exercise on the spin supplementary condition
SµνVν = 0, necessary to fix ambiguity in the MPD equa-
tions, and on interpretation of the spin-curvature inter-
action in terms of the Weyl scalars. Starting from projec-
tion of the equations into a suitable orthonormal tetrad,
we chose the latter’s time vector to coincide with the “ref-
erence observer” V µ specifying the spin condition, and
one of the spatial legs to be given by the spin vector sµ
connected with Sµν by sµ := − 12 ǫµνρσVνSρσ = −∗SµνVν .
Rewriting the force term representing spin-curvature in-
teraction in terms of the scalars Ψ0÷4, obtained by pro-
jecting the Weyl tensor onto the associated Newman–
Penrose (NP) complex null tetrad, we found that the
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MPD-equation orthonormal-basis projections do not con-
tain scalars Ψ0 and Ψ4. We then suggested a possible
way how to choose the remaining two spatial basis vec-
tors “intrinsically”, that is along directions provided by
the geometry of the problem itself; this choice is appli-
cable when uµ ∦ pµ (an alternative tetrad, usable in this
situation – but not together with the Mathisson-Pirani
condition, on the contrary –, is added in the present pa-
per, remark III B 1).
In order to find how the problem looks in space-times
of some particular curvature type, we aligned the first
vector kµ of the NP tetrad with the highest-multiplicity
principal null direction (PND) of the Weyl tensor by a
suitable choice of V µ, reproducing at the same time a
given spin, either described by sµ or Sµν according to
the MPD equations. More specifically, the plan goes like
this: have a generic space-time (thus some kµ and other
PNDs) and a generic particle (with some spin vector sµ
or spin tensor Sµν at a given point). Aligning the first
real vector of the NP tetrad with kµ, its second real vec-
tor lµ can always be chosen so as to satisfy the relation
sµ = s√
2
(kµ − lµ),1 or, respectively, as an eigen-vector
of Sµν independent of kµ; finally V µ is retro-defined by
V µ = 1√
2
(kµ+ lµ). Projecting the MPD equation of mo-
tion into the orthonormal tetrad involving these V µ and
sµ/s as the 0th and 1st vectors (and completed by some
orthonormal eµ
2ˆ
and eµ
3ˆ
), one obtains equations (66)–(69)
1 More precisely, it is only not possible if kµsµ = 0.
2of paper I,
− Vµ p˙µ = −2s ImΨ2 u1ˆ
−s (ImΨ3 − ImΨ1)u2ˆ
−s (ReΨ3 +ReΨ1)u3ˆ , (3)
e1ˆµ p˙
µ = −2s ImΨ2 u0ˆ
−s (ImΨ3 + ImΨ1)u2ˆ
−s (ReΨ3 − ReΨ1)u3ˆ , (4)
e2ˆµ p˙
µ = +s
(
2ReΨ2 − Λ
3
)
u3ˆ
−s (ImΨ3 − ImΨ1)u0ˆ
+s (ImΨ3 + ImΨ1)u
1ˆ , (5)
e3ˆµ p˙
µ = −s
(
2ReΨ2 − Λ
3
)
u2ˆ
−s (ReΨ3 +ReΨ1)u0ˆ
+s (ReΨ3 − ReΨ1)u1ˆ , (6)
where uαˆ denote the tetrad components of four-velocity.
It is known that – with the exception of Petrov type III
– it is possible to rotate the null tetrad so as to become
“transverse” in the sense that the corresponding Ψ1 and
Ψ3 projections vanish (instead of the usual elimination of
Ψ0 and Ψ4). If such a rotation of the tetrad was feasible
(in addition to the above), the spinning-particle motion
would be fully determined by Ψ2 and by the cosmological
constant (because Ψ0 and Ψ4 are not involved from the
beginning). Unfortunately, this could only be achieved
by chance, because the necessary rotation involves all the
NP vectors (in dependence on Weyl scalars in the original
NP tetrad), in particular, it fixes the (kµ, lµ) plane, so lµ
cannot be chosen to lie in the (kµ, sµ) plane at the same
time.
In the last part of paper I, we discussed the implica-
tions of the spin conditions mostly considered in the lit-
erature, mainly advocating the condition V˙ µ = 0 which
leads to uµ ‖ pµ and generalizing it, and finally checked
several particular types of motion.
In the present paper, let us proceed in a similar way,
but choosing a different orthonormal tetrad, namely the
one tied to uµ as the time vector. In section II, we sug-
gest – as a counter-part of the “intrinsic” tetrad based on
V µ considered in paper I – a uµ-based tetrad which fol-
lows naturally from geometry of the problem. If trying to
adapt the interpretation tetrad to the Weyl-tensor PNDs,
one is either lead to the situation when Sµνuν = 0, so
the Mathisson-Pirani condition holds (thus returning to
the respective section of paper I), or one has to release
the “natural” association of the orthonormal tetrad with
the NP tetrad, namely to compute the Weyl scalars in
a NP tetrad which is not naturally associated with the
orthonormal tetrad into which the MPD equations have
been projected. Both possibilities are worked out, with
type-N space-time mentioned as an example. Implica-
tions of specific spin supplementary conditions are con-
sidered in section III, pointing out, in particular, that
for uµ ‖ pµ a different tetrad has to be devised since the
original one degenerates (similarly as its counter-part em-
ployed in paper I).
In the second part (section IV), we turn to spinning
particles with zero rest mass. Starting from a summary
of what is known from the literature, we study the ge-
ometry of the massless problem in a similar way as its
“massive” counter-part before. In particular, we again
propose a certain natural NP tetrad and the associated
orthonormal frame, which follow from the geometry of
the problem itself, and inquire about the properties of
the MPD equation of motion when projected there. Also
the properties of the orthonormal frame are examined,
including the circumstance pµ ‖ kµ when the frame is
not available (and p˙µ is itself proportional to the world-
line null tangent kµ).
First, however, let us remind that the space-time is
supposed to be vacuum, possibly involving a non-zero
cosmological constant Λ, the metric signature is (−+++)
and geometrized units are used in which c = 1, G = 1.
Greek indices run 0–3, latin indices 1–3, and summa-
tion convention is followed. The dot denotes absolute
derivative with respect to the particle’s proper time τ ,
the asterisk denotes Hodge dual and overbar indicates
complex conjugation. The Riemann tensor is defined by
Vν;κλ − Vν;λκ = RµνκλVµ and the Levi-Civita tensor as
ǫµνρσ =
√−g [µνρσ], ǫµνρσ = − 1√−g [µνρσ], (7)
where g is the determinant of covariant metric and [µνρσ]
is the permutation symbol fixed by [0123] := 1. Please,
see (e.g.) paper I for an introductory summary on the
spinning-particle problem, including basic as well as re-
cent references.
II. VACUUM MPD EQUATIONS IN A TETRAD
TIED TO uµ
The reference observer V µ, in terms of which the spin
supplementary condition is written (SµσVσ = 0), can
be chosen freely, so it is generically possible to attach
it to a given NP tetrad by taking V µ := 1√
2
(kµ + lµ).
This is not in general possible with uµ, because this has
to be obtained from pµ which in turn is determined by
the MPD equations, so none of these two vectors can be
chosen. Hence the procedure will have to be different,
namely based on given uµ and kµ.
We will again start from the MPD equation of motion,
rewritten in terms of spin vector sµ in the form (39) of
paper I,
p˙µ = ∗RµναβuνsαV β
=
(
∗Cµναβ +
Λ
3
ǫµναβ
)
uνsαV β , (8)
3where we have used the vacuum relation between the
Riemann-tensor and Weyl-tensor left duals ∗Rµναβ and
∗Cµναβ (in a vacuum they equal the right duals). Two
advantages of having uµ as the time vector of the tetrad
are obvious: first, similarly as V µ (and sµ, which we
used in paper I), the four-velocity uµ appears on the r.h.
side among the vectors on which the dual Riemann is
projected; and second, the whole p˙µ is from the beginning
orthogonal to uµ, so its “zeroth” component in such a
tetrad vanishes automatically. (Note that none of these
properties hold for the third major “time” vector of the
exercise, pµ.) Now, however, the question arises: which
spatial vectors should one add to uµ, in order to complete
the basis. Generally, there are two possibilities: either to
take some vectors provided “intrinsically” by the pµ, uµ,
sµ, V µ geometry (possibly also including derivatives of
these vectors), or to try to somehow connect the spatial
basis directly to the curvature structure, while staying in
a space orthogonal to uµ.
The first, “intrinsic” possibility can be proposed in
analogy with paper I. Actually, denoting
γ := −uµV µ (> 0), µ := −pµV µ (> 0),
we chose there the basis
V µ, sµ, µuµ − γpµ, (s2δµν − sµsν) V˙ ν (9)
(or rather its normalized version), made of the eigen-
vectors V µ and sµ of the spin bivector Sαβ = ǫαβµνV
µsν ,
and of the eigen-vectors (µuµ−γpµ) and (s2δµν −sµsν) V˙ ν
of its dual ∗Sµν = sµV ν−V µsν . As a counterpart of this
basis, we suggested the quadruple made of uµ and spatial
vectors
pµ −muµ = −S˙µαuα, (10)
γsµ + sνu
νV µ = −∗Sµαuα, (11)
ǫµικλuι(γsκ + sνu
νVκ) pλ = −∗S˙µλ∗Sλνuν , (12)
i.e. of the eigen-vectors uµ and (pµ − muµ) (“hidden
momentum”) of the bivector ∗S˙µν = ǫµναβpαuβ, and
of the eigen-vectors (γsµ + sνu
νV µ) and ǫµικλuι(γsκ +
sνu
νVκ) pλ of the bivector S˙
αβ = pαuβ − uαpβ. In the
above, m is the particle mass with respect to uµ, given
by m := −uµpµ (> 0).
Note that the last of the tetrad vectors can also be
written in a different way: regarding the formula (see
e.g. [2], equation (7.15))
∗Fµλ∗Hλν = HµλFλν +
1
2
δµν F
αβHαβ ,
valid for any two bivectors Fµν and Hµν , we can rewrite
ǫµικλuι(γsκ + sνu
νVκ) pλ =
= −∗S˙µλ∗Sλνuν = −SµλS˙λνuν − 1
2
uµ S˙αβSαβ =
= −SµλS˙λνuν − uµǫαβγδpαuβVγsδ =
= −SµλS˙λνuν − uµss˙ = −(δµα + uµuα)SαλS˙λνuν =
= (δµα + u
µuα) ǫ
αλγδVγsδ(pλ −muλ) , (13)
where we have used just basic forms of all the bivectors
and relation (33) from paper I, i.e.
ss˙ ≡ sµs˙µ = 1
2
SαβS˙αβ = S
αβpαuβ = ǫ
µναβsµVνuαpβ .
(14)
Also, instead of the tetrad vectors uµ and (pµ−muµ), it
would be possible to use in the basis, for example, pµ and
(mpµ−M2uµ) (the latter being given by the component
of uµ orthogonal to pµ).
In order to make the tetrad orthonormal, one needs
magnitudes of the spatial vectors:
(pµ −muµ)(pµ −muµ) = m2 −M2, (15)
(γsµ + sνu
νVµ)(γs
µ + sνu
νV µ) = γ2s2 − (sνuν)2, (16)
ǫµικλuι(γsκ + sνu
νVκ) pλ ǫµρστu
ρ(γsσ + sβu
βV σ) pτ =
= ∗S˙µλ∗Sλνuν ∗S˙µκ∗Sκσuσ =
= −1
2
S˙αβS˙αβ
∗Sλνuν∗Sλσuσ =
= (m2 −M2)(γsµ + sνuνVµ)(γsµ + sνuνV µ) =
= (m2 −M2) [γ2s2 − (sνuν)2] . (17)
Finally, regarding that the tetrad used in paper I was
numbered as
eµ
0ˆ
:= V µ, (18)
eµ
1ˆ
:=
sµ
s
, (19)
eµ
2ˆ
:=
µuµ − γpµ√
γ2(m2 −M2)− (γm− µ)2 , (20)
eµ
3ˆ
:=
ǫµικλVιsκ(µuλ− γpλ)
s
√
γ2(m2 −M2)− (γm− µ)2 , (21)
let us do it similarly here,
eµ(0) := u
µ, (22)
eµ(1) :=
γsµ + sνu
νV µ√
γ2s2 − (sσuσ)2
, (23)
eµ(2) :=
pµ −muµ√
m2 −M2 , (24)
eµ(3) :=
ǫµικλuι(γsκ + sνu
νVκ) pλ√
m2 −M2
√
γ2s2 − (sσuσ)2
(25)
(we distinguish the two tetrads by the different marking
of their vector-numbering indices).
Clearly neither of the tetrads can be erected if uµ ‖ pµ
(see subsection III B below).
A. Basic observations
One of the vectors we have proposed for the uµ-based
tetrad, (γsµ + sνu
νV µ), is a combination of V µ and sµ,
so it belongs to the eigen-plane of Sµν . If we select this
plane to coincide with that spanned by the PND kµ and
4a suitably chosen lµ, the vector (γsµ + sνu
νV µ) will be
linked with the curvature structure. This is actually the
best what can be done in this respect; in particular, one
cannot include in the basis two independent vectors ly-
ing in the kµ, lµ plane, because it is impossible to make
both of them orthogonal to uµ. Therefore, the above set
of vectors seems to be a reasonable proposal from which
to build a uµ-directed basis, which at the same time is
attached to the curvature structure as closely as gener-
ically possible. (So far, however, the space-time is left
completely general, and also the tetrad is not necessarily
linked to the Weyl-tensor PNDs.)
Introducing the tetrad (22)–(25), we can first write (8)
as
p˙µ =
1
γ
(
∗Cµναβ +
Λ
3
ǫµναβ
)
uν(γsα + sιu
ιV α)V β (26)
=
√
γ2s2−(s(0))2
γ
(
∗Cµ(0)(1)(δ) +
Λ
3
ǫµ(0)(1)(δ)
)
V (δ),
(27)
where the relevant components of V (δ) read
V (0) := e(0)µ V
µ = −uµV µ ≡ γ , (28)
V (2) := e(2)µ V
µ =
γm− µ√
m2 −M2 , (29)
V (3) := e(3)µ V
µ =
γ ǫµικλVµuιsκpλ√
m2 −M2
√
γ2s2 − (sσuσ)2
=
γ sµs˙
µ
√
m2 −M2
√
γ2s2 − (sσuσ)2
(30)
(equation (14) has been used). It is clear that the cosmo-
logical constant does not occur in the e
(1)
µ p˙µ component,
i.e. in the projection on (γsµ+sνu
νV µ). Since the latter
plays the role of spin in (26), this implies the same prop-
erty we observed on V µ-tetrad decomposition in paper I:
Λ only influences motion in directions perpendicular to
the spin.
When projecting p˙µ to the “parenthesis” tetrad, one
also notices that due to the orthogonality uµp˙
µ = 0 the
“second” component yields just
e(2)µ p˙
µ =
pµp˙
µ
√
m2 −M2 =
−MM˙√
m2 −M2 ,
where the massM is given byM2 := −pµpµ (> 0).
Let us also add some obvious identities useful when
transforming between the “hatted” and the “parenthe-
sized” tetrad”:
γ ≡ −uµV µ ≡ u0ˆ ≡ V (0),
µ ≡ −pµV µ ≡ p0ˆ,
m ≡ −uµpµ ≡ p(0),
sµu
µ ≡ su1ˆ ≡ −s(0).
B. Decomposition in a curvature-adjusted tetrad.
Which one?
Employing Appendix A of paper I, where orthonormal
components of the Weyl tensor (and consequently those
of its dual) are expressed in terms of the Ψ0÷Ψ4 scalars,
it is now easy to write down the decomposition of the
MPD equation of motion (8):
1
σ
e(1)µ p˙
µ = −2 ImΨ2 V (0)
−(ImΨ3 + ImΨ1)V (2)
−(ReΨ3 − ReΨ1)V (3) , (31)
1
σ
e(2)µ p˙
µ ≡ −MM˙
σ
√
m2 −M2
= −(ImΨ3 − ImΨ1)V (0)
+
1
2
(ImΨ0 − ImΨ4)V (2)
+
[
ReΨ2 − 1
2
(ReΨ0 +ReΨ4) +
Λ
3
]
V (3),(32)
1
σ
e(3)µ p˙
µ = −(ReΨ3 +ReΨ1)V (0)
−
[
ReΨ2 +
1
2
(ReΨ0 +ReΨ4) +
Λ
3
]
V (2)
−1
2
(ImΨ0 − ImΨ4)V (3) , (33)
where we abbreviated σ :=
√
γ2s2−(sσuσ)2
γ
. Apparently
the result is similar to the decomposition with respect to
the V µ-based tetrad, given in equations (3)–(6), with one
important difference: the components obtained in paper
I do not contain Ψ0 and Ψ4, whereas now these scalars
are present. On the other hand, the present approach has
one big advantage: at any point, the reference observer
V µ can be chosen arbitrarily (in contrast to uµ), so one
can in fact eliminate much of the above formulas.
Let us remind that the complex Ψ-scalars featuring
in equations (31)–(33) represent projections of the Weyl
tensor onto the NP tetrad (kµ, lµ,mµ, m¯µ) naturally
associated with its orthonormal counterpart (22)–(25),
namely connected with the latter by
kµ :=
1√
2
(uµ + eµ(1)), l
µ :=
1√
2
(uµ − eµ(1)),
mµ :=
1√
2
(eµ(2) + i e
µ
(3)), m¯
µ :=
1√
2
(eµ(2) − i eµ(3)).
One might also express the projections of the MPD equa-
tion onto the (22)–(25) tetrad in terms of Weyl scalars
obtained in some different NP tetrad, not associated with
the given orthonormal tetrad, but then equations (31)–
(33) would look differently.
Consider now shortly our plan, i.e. tuning the tetrad
to a given space-time curvature, similarly as in paper I. It
will certainly be advantageous to identify the first vector
kµ of the NP tetrad with the Weyl-tensor PND of the
5highest multiplicity again. Should now the plane deter-
mined by uµ and kµ be made an eigen-plane of the spin
bivector Sµν , one would have to resort to only one viable
spin condition, with V µ ≡ uµ. This would however mean
to return to paper I, section V.A, on MPD equations sup-
plemented by the Mathisson–Pirani condition. Actually,
setting V µ = uµ, one has sσu
σ = 0, σ = s, V (0) = 1 and
V (i) = 0, reducing the equations (31)–(33) to
e(1)µ p˙
µ = −2s ImΨ2 ,
e(2)µ p˙
µ = −s (ImΨ3 − ImΨ1) ,
e(3)µ p˙
µ = −s (ReΨ3 +ReΨ1) ,
which are just equations (97)–(99) of paper I.
If one insisted on the tight connection between the
tetrad and the curvature structure, and at once on a suf-
ficiently generic view (not pushing one into V µ = uµ),
there is an alternative – with uµ used as the time vector
of the orthonormal tetrad in which the MPD equations
are decomposed, yet with the reference observer V µ left
free (for later adaptation of the NP tetrad to a given al-
gebraic type). If adopting such a compromise, it is neces-
sary to release the tight (“natural”) connection between
the NP tetrad and the orthonormal one. Specifically,
one could consider instead the NP tetrad naturally asso-
ciated with the same orthonormal tetrad as in paper I,
i.e. with (18)–(21). Expressing such an alternative in an-
other words, one could keep the NP tetrad (thus the Weyl
scalars) from paper I, but decompose the MPD equations
in the orthonormal tetrad (22)–(25) instead of (18)–(21).
Rather than to derive such a “hybrid” relations by trans-
formation of the Weyl scalars, it is simpler to start from
equations (3)–(6) and compose their new components ac-
cording to transformation of the orthonormal basis. One
finds easily that
e(1)µ p˙
µ =
u0ˆe1ˆµ + u
1ˆVµ√
(u0ˆ)2 − (u1ˆ)2
p˙µ , (34)
e(2)µ p˙
µ = −
√
1− (γm− µ)
2
γ2(m2 −M2) e
2ˆ
µp˙
µ . (35)
To also find the “hatted” decomposition of eµ(3), we recall
e
(3)
µ V µ given in (30) and calculate the remaining compo-
nents,
e(3)α e
α
1ˆ
= − u
1ˆ e1ˆαs˙
α
√
m2 −M2
√
(u0ˆ)2 − (u1ˆ)2
,
e(3)α e
α
2ˆ
= 0 ,
e(3)α e
α
3ˆ
= − 1√
(u0ˆ)2 − (u1ˆ)2
√
1− (γm−µ)2
γ2(m2−M2)
,
which can then be inserted into
e(3)µ p˙
µ = (e(3)α e
α
0ˆ
) e0ˆµp˙
µ + (e(3)α e
α
1ˆ
) e1ˆµp˙
µ + (e(3)α e
α
3ˆ
) e3ˆµp˙
µ .
Since the decomposition (3)–(6) from paper I is expressed
in terms of the “hatted” four-velocity components, it is
useful to add, as a counterpart of (28)–(30), that
u0ˆ ≡ V (0) ≡ γ , (36)
u1ˆ = −s(0)/s , (37)
u2ˆ =
γm− µ√
γ2(m2 −M2)− (γm− µ)2 , (38)
u3ˆ =
γ sµs˙
µ
s
√
γ2(m2 −M2)− (γm− µ)2 . (39)
The last two components are proportional to V (2) and
V (3), see (29) and (30), respectively.
C. Algebraically special space-times: type-N
example
It is only meaningful to discuss the particular curva-
ture types if one accepts the above compromise view, i.e.
decomposes the MPD equations into the uµ-based or-
thonormal tetrad, but keeps the NP tetrad (in which Ψ-
scalars are computed) unrelated, and thus free for adap-
tation to the curvature structure as in paper I. We saw
above that one pays for this freedom by longer expres-
sions for the MPD-equation projections. On the other
hand, these equations “inherit” from those obtained in
paper I the lack of the Ψ0 and Ψ4 scalars.
For the most special Petrov type N, by using equations
(82)–(83) of paper I, i.e.
−Vµ p˙µ=0, e1ˆµ p˙µ=0, e2ˆµ p˙µ=−
Λ
3
s u3ˆ, e3ˆµ p˙
µ=
Λ
3
s u2ˆ,
and (39) from above, we obtain
e(1)µ p˙
µ = 0 , (40)
e(2)µ p˙
µ =
Λ
3
s u3ˆ
√
1− (γm− µ)
2
γ2(m2 −M2) =
=
Λ
3
sµs˙
µ
√
m2 −M2 , (41)
e(3)µ p˙
µ =
−Λ3 s u2ˆ√
(u0ˆ)2 − (u1ˆ)2
√
1− (γm−µ)2
γ2(m2−M2)
=
=
−Λ3 s2γ (γm− µ)
√
m2 −M2√
γ2s2 − (s(0))2 [γ2(m2 −M2)− (γm− µ)2]
.
(42)
In the “intrinsic” tetrad, we found, in equation (84) of
paper I, that MM˙ = −(Λ/3) sµs˙µ, so we can also write
the second equation as
e(2)µ p˙
µ =
−MM˙√
m2 −M2 . (43)
The decomposition forms following for other Petrov
types can also be obtained straightforwardly and we will
not discuss them.
6III. SPECIFIC SPIN CONDITIONS
Let us briefly consider how the exercise looks when
supplemented by the main spin conditions. We will how-
ever not include the Mathisson–Pirani spin condition,
V µ ≡ uµ, any more, because this simply reduces the
problem to the form already treated in section V.A of
paper I.
A. Tulczyjew spin condition, V µ ≡ pµ/M
We know from paper I (section V.B) that the Tulczy-
jew condition implies γ = m/M, µ = M, sµpµ = 0 =
sµu
µ, M˙ = 0, s˙ = 0 and σ = s, so we have
V (0) ≡ γ = mM , V
(2) =
√
m2 −M2
M , V
(3) = 0 , (44)
e(1)µ p˙
µ =
sµp˙
µ
s
= e1ˆµ p˙
µ , (45)
e(2)µ p˙
µ = 0 = e2ˆµ p˙
µ , (46)
e(3)µ p˙
µ =
ǫµικλp˙
µpιsκuλ
s
√
m2 −M2 =
MSµλp˙µuλ
s
√
m2 −M2 =
= − M S˙µλp
µuλ
s
√
m2 −M2 =
M
s
√
m2 −M2 =
= e3ˆµ p˙
µ , (47)
which reduces equations (31)–(33) to
M
s2
sµp˙
µ = −2m ImΨ2
−
√
m2 −M2 (ImΨ3 + ImΨ1) , (48)
0 = −2m (ImΨ3 − ImΨ1)
+
√
m2 −M2 (ImΨ0 − ImΨ4) , (49)
M2
s2
= −m (ReΨ3 +ReΨ1)√
m2 −M2
−ReΨ2 − 1
2
(ReΨ0 +ReΨ4)− Λ
3
. (50)
So the projections of p˙µ into the uµ-based tetrad (“paren-
thesized”) equal those into the V µ-based tetrad (“hat-
ted”), and they appear somewhat simpler when written
in terms of the Ψ-scalars computed in the null tetrad as-
sociated with the V µ-based orthonormal tetrad; this was
done in paper I, equations (121)–(124):
0 = s (ImΨ1 − ImΨ3) ,
e1ˆµ p˙
µ = −2msM ImΨ2 − s (ImΨ1 + ImΨ3)u
2ˆ ,
0 = s (ImΨ1 − ImΨ3) ,
M2 = s2
(
Λ
3
−2ReΨ2
)
− ms
2 (ReΨ1+ReΨ3)√
m2 −M2 .
The reason for the difference is that when the above ex-
pression is written in terms of the Weyl scalars computed
in the null tetrad associated with the uµ-based orthonor-
mal tetrad, it contains, in addition to Ψ1, Ψ2 and Ψ3,
also Ψ0 and Ψ4.
B. The condition uµ ‖ pµ: an alternative tetrad
If uµ ‖ pµ, then pµ = muµ, m = M, m˙ = M˙ = 0,
p˙µ = mu˙µ, S˙µν = 0, ∗S˙µν = 0, s˙ = 0, and µ = γm.
The “intrinsic” tetrad tied to uµ, (22)–(25), cannot be
used, because its last two vectors degenerate (the “hidden
momentum” vanishes).2 One can however find a different
orthonormal tetrad, usable even when pµ = muµ – for
example, one can choose, besides (22) and (23), a vector
orthogonal to uµ, V µ as well as sµ, i.e.
ǫµνκλuνVκsλ = S
µνuν ,
and add the last one orthogonal to all uµ, eµ(1) and S
µνuν
(we will number the two vectors in a reverse order):
eµ(2) :=
ǫµαβγuα(γsβ + sρu
ρVβ) ǫγνκλu
νV κsλ√
γ2s2 − (sσuσ)2
√
(γ2 − 1)s2 − (sσuσ)2
=
=
(δµν + u
µuν)(γs
2V ν + sρu
ρsν)√
γ2s2 − (sσuσ)2
√
(γ2 − 1)s2 − (sσuσ)2
, (51)
eµ(3) :=
Sµνuν√
SαρuρSασuσ
=
ǫµνκλuνVκsλ√
(γ2 − 1)s2 − (sσuσ)2
.
(52)
Obviously, these vectors are not defined if the Mathisson–
Pirani spin condition Sµνuν = 0 is applied.
The new basis vectors (51) and (52) provide – inde-
pendently of the spin condition – projections
V (2) = γ
√
(γ2 − 1)s2 − (sρuρ)2√
γ2s2 − (sσuσ)2
, V (3) = 0 , (53)
so the equations (31)–(33) assume a similar form as (48)–
(50), just with e
(2)
µ p˙µ no longer equal to
−MM˙√
m2−M2 and
with slightly more complicated σ, V (2), e
(1)
µ p˙µ and e
(3)
µ p˙µ.
Note that if employed together with the Tulczyjew condi-
tion, this alternative tetrad yields exactly the same pro-
jections of V µ and p˙µ as the original tetrad, that is (44)–
(47).
In section V.C.1 of paper I we showed that the freedom
which the condition uµ ‖ pµ leaves to the choice of V µ
can be used to select the latter in such a manner that the
corresponding spin sµ is orthogonal to uµ (thus also to
pµ) and remains so along the whole trajectory. Specifi-
cally, this requires to select V µ = uµ at some initial point
and then to prescribe evolutions
V˙ µ =
α
µm2
sµ, s˙µ =
α s2
µm2
V µ, (54)
2 The tetrad (18)–(21) suggested in paper I degenerates then in
the same manner.
7with α given by
α =
M2
s2
p˙µsµ =
M2
s
e1ˆµ p˙
µ .
Ensuring the above setting, one gets, at a generic point,
the “alternative” tetrad3
eµ(0) = u
µ, eµ(1) =
sµ
s
,
eµ(2) =
V µ − γuµ√
γ2 − 1 , e
µ
(3) =
Sµνuν
s
√
γ2 − 1 , (55)
and hence projections
V (0) = γ, V (1) = 0, V (2) =
√
γ2 − 1 , V (3) = 0 . (56)
Consequently, equations (31)–(33) reduce to
α
m2
= −2γ ImΨ2 −
√
γ2 − 1 (ImΨ3 + ImΨ1) ,(57)
Vµp˙
µ
s(γ2 − 1) =
γ (ImΨ1 − ImΨ3)√
γ2 − 1
+
1
2
(ImΨ0 − ImΨ4) ,(58)
Sµνu
ν p˙µ
s2(γ2 − 1) = −
γ (ReΨ3 +ReΨ1)√
γ2 − 1
−ReΨ2 − 1
2
(ReΨ0 +ReΨ4)− Λ
3
. (59)
This form is slightly more complicated than the
Tulczyjew-condition counterpart (48)–(50). Note that
one cannot obtain the latter, or any other more special
form, by resorting to V µ ∼ pµ or so, because by pre-
scribing the initial value (uµ) and evolution of V µ, the
reference observer was fixed and cannot be adjusted any
more (it cannot be set proportional to pµ or uµ, in par-
ticular).
1. Remark: alternative to the “intrinsic” tetrad of paper I
If pµ = muµ, the tetrad (18)–(21) employed in paper I
is clearly meaningless as well. Let us suggest its substi-
tute even usable in such a situation, thus supplementing
paper I where we did not go into this detail. One of the
vectors orthogonal to both V µ and sµ can obviously be
chosen like above in the uµ-based tetrad case, namely
according to (52), and the last vector can be found in
analogy with (51), i.e. as the one orthogonal to all V µ,
3 Let us stress that sµuµ = 0 does not in general mean Sµνuµ = 0
(i.e. the Mathisson–Pirani condition): the spin bivector still has
V µ and sµ as its eigen-vectors, while uν need not belong to the
eigen-plane.
sµ and (52):
eµ(3) :=
−Sµνuν√
SαρuρSασuσ
=
ǫµνκλVνuκsλ√
(γ2 − 1)s2 − (sσuσ)2
,
(60)
eµ(2) :=
ǫµαβγVαsβ ǫγνκλV
νuκsλ
s
√
(γ2 − 1)s2 − (sσuσ)2
=
=
(δµν + V
µVν − eµ1ˆe1ˆν)uν√
(γ2 − 1)s2 − (sσuσ)2
, (61)
where we remind that eµ
1ˆ
≡ sµ/s. Therefore, the eµ(2)
vector is represented by the component of uµ orthogonal
to both V µ and sµ. Again, this tetrad is not available if
the Mathisson-Pirani condition holds, Sµνuν = 0.
IV. MASSLESS PARTICLES
In paper I as well as so far here, we have been consider-
ing particles with non-zero rest mass. Let us now reserve
some space to localized massless particles. It was shown
by [3, 4] that the “massless” situation, represented by a
traceless energy-momentum tensor, implies4
m := −pµkµ = 0 (= const along kµ); (62)
the same was also obtained by [5] from conformal invari-
ance of the action functional. Another results were that
if Sµν is space-like, SµνS
µν =: 2s2 > 0,5 then
Sµνk
ν = 0, kµk
µ = 0, k˙µ ∼ kµ, (63)
so – as already suggested by [6] – the Mathisson–Pirani
condition automatically holds, and the particle follows a
null geodesic.
The MPD equations themselves (1), (2) remain the
same,
p˙µ = −1
2
Rµνκλk
νSκλ, S˙αβ = pαkβ − kαpβ , (64)
yet one can only rarely take over results from the massive
case (paper I) simply by putting m = 0; namely, the
assumption uµu
µ = −1 (and VµV µ = −1) was used there
frequently, whereas now V µ → uµ → kµ turns out to
be light-like. From the second MPD equation, one sees
immediately that the scalar s called helicity is constant
along kµ,
2ss˙ = Sµν S˙
µν = 0,
4 In the massless case, let us use kµ instead of uµ for the tangent
of the representative world-line kµ, while keeping the dot for
covariant differentiation along that world-line, i.e. X˙ := X;ιkι.
5 Otherwise it could hardly be understood as describing the rota-
tional angular momentum.
8and that S˙αβ is null since S˙αβS˙αβ = 0, with k
µ being a
common eigen-vector of Sαβ and S˙αβ.
Let us stop at kµ for a while: here it represents the
world-line tangent, while in paper I we denoted by kµ the
first vector of the Newman–Penrose (NP) interpretation
tetrad. However, the tetrad was chosen so that kµ (as
well as its second vector lµ) lied in the eigen-plane of Sµν ,
which is just consistent with the present notation since
the spin condition Sµνkν = 0 now necessarily holds, so k
µ
is naturally taken as the main vector of the interpretation
tetrad.
Multiplication of the second of MPD equations (64) by
pβ and by p˙β yields
M2kα = −S˙αβpβ , (65)
MM˙ kα = (pµp˙µ) kα = −S˙αβ p˙β , (66)
from where one sees that
S˙αβ p˙β = S¨
αβpβ , M˙ S˙αβpβ =M S˙αβ p˙β .
Above, we have introduced pµp
µ =:M2 as in the massive
case, but with a different (plus) sign – we will see below
that pµ is space-like now!
Another difference from the massive case is that the
spin vector defined analogously as there, by projection of
the spin-bivector dual onto V µ → kµ, is also null (sµsµ =
0) and proportional to kµ,
sµ := −1
2
ǫµνρσkνSρσ = −∗Sµνkν = s kµ . (67)
The null character of sµ is seen immediately: sµs
µ only
contains terms involving Sρσk
σ = 0 or kνk
ν = 0. The
second claim, sµ = skµ, follows from the fact that two
real null vectors are orthogonal if and only if they are
proportional to each other. The above result also implies
that sµ parallel transports along kµ, specifically, if kµ is
affinely parametrized (k˙µ = 0), then
s˙µ = s˙ kµ + s k˙µ = 0. (68)
Once knowing that the particle moves on a geodesic
and that its spin is proportional to the latter’s tangent
kµ, one might have little reason to continue the study, be-
cause the momentum pµ is a “strange thing” (space-like)
anyway, so there is actually no demand to interpret its
evolution p˙µ. However, we show below that even in the
massless case there naturally follows a (time-like) “refer-
ence observer” and an associated (space-like) spin vector
(whether the former is taken as primary or the latter),
i.e. quantities which have the same meaning as in the
massive-particle case and which are worth further con-
sideration. We first realize that the null version of the
Mathisson-Pirani condition leaves more freedom to the
spin bivector than the time-like version, and then fix the
remaining freedom by determining the remaining inde-
pendent dimension of the spin-bivector eigen-plane. In
doing so, we naturally introduce the reference observer
V µ and the corresponding spin Sµ, and also note that one
can in fact take advantage of this freedom and adjust the
spin eigen-plane so as to contain a desired direction (in-
dependent of kµ), in particular the main PND of the host
space-time.
A. Null spin condition: Sµνkν = 0, kµk
µ = 0
As reminded by [7] in their treatment of massless spin-
ning particles, the null version of the spin condition is
less restricting than the “full” time-like case. Generally
speaking, vanishing of the projection of an object onto a
null direction kµ does not exclude that the object has a
component proportional to kµ. In the case of our bivec-
tor Sµν , the “time-like” condition SµνVν = 0, considered
in paper I, strictly determined its eigen-plane and blade,
in particular, it implied that the bivector must read
Sµν = ǫµνκλV
κsλ = −s ǫµνκλkκlλ = i smµ ∧ m¯ν ,
where the real null vectors kµ and lµ were related to V µ
and sµ by
kµ =
1√
2
(
V µ +
sµ
s
)
, lµ =
1√
2
(
V µ − s
µ
s
)
,
and mµ and m¯µ are complex null vectors (mutual com-
plex conjugates) orthogonal to both kµ and lµ and nor-
malized to mµm¯
µ = 1. In contrast, the condition
Sµνkν = 0 admits a more general form
Sµν = i smµ ∧ m¯ν + kµ ∧ (Lmν + L¯m¯ν), (69)
where mµ and m¯µ are some complex null vectors orthog-
onal to kµ and normalized to mµm¯
µ = 1, and L de-
notes an (arbitrary) magnitude of “the other” indepen-
dent spin component. Speaking more generally, the spin
vector (67) follows uniquely from a known bivector, but
the converse is not true: the bivector is not fully deter-
mined by the spin vector.
However, a simple non-null bivector has the whole
plane of eigen-directions (with zero eigen-value), so there
exists (or can be chosen) a second null direction lµ, in-
dependent of kµ, which is also “annihilated”, Sµν lν = 0.
Provided it is normalized so that kµl
µ = −1, the condi-
tions Sµνkν = 0 and S
µν lν = 0 require L = −i s m¯νlν
(ergo L¯ = i smν l
ν). For the eigen-directions kµ and
lµ known/chosen, the bivector is already determined
uniquely (and it is possible to choosemµ and m¯µ perpen-
dicular to both, making L = 0). Clearly, if there is some
privileged null direction in space-time (call it lµ), one can
take advantage of the freedom still remaining in the spin
bivector subjected to the null condition Sµνkν = 0, and
require that it also satisfy Sµν lν = 0, thus inclining the
bivector’s eigen-plane in the desired way.
9B. Spin-bivector eigen-plane
Having introduced lµ as the second independent eigen-
vector of the spin bivector, we can multiply by lβ the
second equation of (64), to get
pα = −pβlβ kα + pα⊥ (70)
as a counter-part of equation γ pα = µuα+SαβV˙β which
was numbered (21) in paper I. We have introduced
Sαβ l˙β = −S˙αβlβ = pα + kαlβpβ =
= (δαβ + k
αlβ + l
αkβ) p
β =: pα⊥ (71)
as the part of pµ orthogonal to the plane (kµ, lµ); it is a
counter-part of the “hidden momentum”
pαhidden := (δ
α
β + u
αuβ) p
β = pα −muα = −S˙αβuβ
from the massive case.
As already suggested above, we will use in the next sec-
tion the NP tetrad based on independent real null vectors
kµ and lµ which are both annihilated by Sµν and which
are normalized as kµl
µ = −1. Being null, lµ certainly sat-
isfies l˙µlµ = 0, and, if the particle’s geodesic is affinely
parametrized (k˙µ = 0), l˙µkµ = 0 as well, but l
µ need not
be parallel along kµ (i.e., l˙µ 6= 0 in general). Actually,
with helicity s known, one can “reconstruct” the spin
bivector (and its dual) by
Sαβ = −s ǫαβγδkγ lδ, ∗Sµν = s (kµlν − lµkν) . (72)
Multiplying the derivative
S˙αβ = −s ǫαβγδkγ l˙δ (73)
by ǫµναβlν , we have
s2 l˙µ = −Sµαpα ⇒ s2 l˙µl˙µ = S˙µαlµpα =M2. (74)
We have again used pαpα =: M2, so with the sign
different from the massive case. Namely, l˙µ is clearly
orthogonal to both kµ and lµ which span the eigen-plane
of Sµν ; and this eigen-plane is time-like by assumption,
so l˙µ has to be space-like, hence M2 > 0. Besides, l˙µ
is also seen to be orthogonal to pµ; the reason cannot
(in general) be that pµ also belongs to the eigen-plane of
Sµν , because this would mean l˙µ = 0, so S˙µν = 0 and,
consequently, pµ ‖ kµ, which is not in general consistent
with the MPD equation for p˙µ (cf. [4], section V, and
section IVG1 below). Therefore, in generic situation the
vectors kµ, lµ and pµ are independent.
Note that one learns from (72) that kµ is also annihi-
lated by
∗S˙µν = s (kµ l˙ν − l˙µkν), (75)
so it is the common null eigen-vector of S˙µν and ∗S˙µν .
This confirms that S˙µν is null and thus ∗S˙µν S˙αν = 0 like
in the massive case, similarly as ∗SµνSαν = 0.
C. Summary of eigen-vectors of the spin bivectors
It is very easy now to summarize the independent
eigen-vectors of all the bivectors involved. The eigen-
plane of Sµν is time-like and it is spanned by kµ and lµ,
while the eigen-plane of S˙µν is null and spanned by kµ
and l˙µ (the two eigen-planes intersect “along” kµ). The
eigen-vectors of ∗S˙µν are kµ and pµ, their plane being
null (because ∗S˙µν is null, as “inherited”from S˙µν). The
last bivector, ∗Sµν , is the only one which does not anni-
hilate kµ, but clearly this is true for l˙µ, while its second
eigen-vector can be found among projections of Sµν ; in
particular, Sµν l˙ν ≡ pµ⊥ is certainly independent of l˙µ.
Both l˙µ and pµ⊥ are space-like, as well as the eigen-plane
spanned by them (this is confirmed by the time-like char-
acter of the dual spin bivector, ∗Sµν∗Sµν=−2s2).
Therefore, the massless case differs from the massive
one in the null character of S˙µν and ∗S˙µν (for a massive
particle, S˙µν is time-like and ∗S˙µν is (thus) space-like).
D. A natural tetrad
In section III.D of paper I, we suggested a natural or-
thonormal tetrad which is provided “intrinsically”, by
geometry of the spinning-particle problem itself. In case
of the Mathisson–Pirani supplementary condition, it was
given by uµ, sµ (the eigen-vectors of the spin bivector),
by hidden momentum (pµ−muµ) and the vector product
of the three. The vectors
kµ, lµ; pµ⊥, l˙
µ (76)
we listed in the previous subsection can be used as such a
natural tetrad here in the massless case. Actually, kµ and
lµ span the (time-like) eigen-plane of Sµν , and pµ⊥ with
l˙µ span the space-like plane orthogonal to it, being or-
thogonal to each other as well. The first two, null vectors
are normalized by kµl
µ = −1, and the second, space-like
couple is seen immediately to have norms given by
pµ⊥p
⊥
µ = p
µpµ =M2 , l˙µl˙µ = M
2
s2
.
Needless to say, the space-like basis vectors
eµ(2) :=
pµ⊥
M , e
µ
(3) :=
s l˙µ
M (77)
can be transformed into null ones by
mµ :=
1√
2
(eµ(2)+i e
µ
(3)), m¯
µ :=
1√
2
(eµ(2)− i eµ(3)), (78)
to complete the NP null tetrad to (kµ, lµ,mµ, m¯µ).
E. Vacuum MPD equations in a natural tetrad
Regarding that the spin condition Sµνkν = 0 holds, we
naturally tie the interpretation tetrad to kµ. Proceeding
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as above, one assumes that Sµν is space-like (SµνS
µν =
2s2 > 0), which implies that it has a time-like eigen-
plane. Within such a plane, it is possible to find two
independent null eigen-vectors. Denote by lµ “the other
one”, independent of kµ, and normalize it by kµl
µ =
−1. To complete the standard NP null tetrad, add two
complex null vectors mµ and m¯µ, orthogonal to both kµ
and lµ and normalized as mµm¯
µ = 1.
The MPD equation of motion (64) for the massless case
can now be written as
p˙µ = −1
2
Rµνκλk
νSκλ =
s
2
gµρRρνκλǫ
κλαβkνkαlβ
= s gµρ ∗Rρναβkνkαlβ = −s ∗Cµναβkν lαkβ , (79)
where R∗ρναβ and
∗Rρναβ are the Riemann-tensor right
and left duals (as in paper I, equation (39), we have used
that they are equal in the vacuum case; this does not
depend on the value of cosmological constant). Since
∗Rµναβ = ∗Cµναβ + Λ3 ǫ
µ
ναβ , the cosmological constant
drops out completely due to the presence of kνkβ .
One can first decompose the MPD equation of motion
directly in the NP tetrad, while employing the Weyl-
scalar relations summarized in paper I, equations (A1)–
(A4):
kµp˙
µ = −s ∗Cµναβkµkν lαkβ = 0 , (80)
lµp˙
µ = −s ∗Cµναβ lµkν lαkβ = 2s ImΨ2 , (81)
mµp˙
µ = −s ∗Cµναβmµkν lαkβ = −isΨ1 , (82)
m¯µp˙
µ = −s ∗Cµναβm¯µkν lαkβ = isΨ1 . (83)
It may however be more natural to escape the complex
results by writing the last two components as projected
onto the (real) orthonormal vectors (77) rather than onto
their complex null counter-parts. Since
eµ(2) =
1√
2
(mµ + m¯µ), eµ(3) =
1√
2 i
(mµ − m¯µ),
we find easily, in lieu of (82) and (83),
e(2)µ p˙
µ =
√
2 s ImΨ1 , (84)
e(3)µ p˙
µ = −
√
2 sReΨ1 . (85)
In order to parallel the decomposition made in the mas-
sive case, one can also introduce orthonormal vectors
V µ =
1√
2
(kµ + lµ), eµ(1) =
1√
2
(kµ − lµ)
and add the corresponding projections instead of (80)
and (81),
− Vµp˙µ = e(1)µ p˙µ = −
√
2 s ImΨ2 . (86)
The vector V µ is a most natural time-like direction which
the massless problem can be connected with; clearly, eµ(1)
represents the corresponding spin vector (its unit form)
– it is orthogonal to V µ and belongs to the spin-bivector
eigen-plane (Sµνe
(1)
ν = 0).
Equations (84), (85) and (86) show that the projec-
tions of the massless pole-dipole MPD equation onto the
“natural” tetrad based on the world-line tangent kµ are
very simple and determined just by Ψ1 and Ψ2. In com-
parison with equations
e1ˆµ p˙
µ = −2s ImΨ2,
e2ˆµ p˙
µ = −s (ImΨ3 − ImΨ1),
e3ˆµ p˙
µ = −s (ReΨ3 +ReΨ1),
obtained for massive particles and the Mathisson–Pirani
spin condition (paper I), the massless case does not con-
tain the Ψ3 scalar. If one takes the advantage of the
remaining freedom of the spin bivector subjected to only
null spin condition Sµνkν = 0 (see section IVA) and
chooses its second null eigen-direction lµ to be given by
the highest-multiplicity PND of the Weyl tensor (pro-
vided that kµl
µ 6= 0, of course), then, depending on the
Petrov type, some of the Weyl scalars can be eliminated.
In particular, besides Ψ4 = 0 (note again that we take
lµ as the second vector of the NP tetrad), Ψ3 / Ψ3 and
Ψ2 / Ψ3, Ψ2 and Ψ1 can thus be made vanish in type-II
/ type-III / type-N space-times. Hence, since the MPD-
equation projections contain Ψ1 and Ψ2, they only sim-
plify in type-III or type-N cases.
F. Properties of the natural orthonormal tetrad
Let us check some more properties of the above-
introduced natural orthonormal tetrad
V µ, eµ(1) =:
Sµ
s
, eµ(2) =
pµ⊥
M , e
µ
(3) =
s l˙µ
M . (87)
Firstly, provided that the particle’s geodesic world-line is
affinely parametrized, k˙µ = 0, we see that
V˙ µ =
l˙µ√
2
=
M eµ(3)√
2 s
. (88)
One also easily relates the (null) spin sµ to the newly
introduced “spin with respect to V µ” (denoted by Sµ),
sµ ≡ s kµ = s√
2
(V µ + eµ(1)) =
1√
2
(sV µ + Sµ) . (89)
As s˙µ = s k˙µ = 0, we have
e˙µ(1) = −V˙ µ = −
M eµ(3)√
2 s
. (90)
Finally, regarding that
p˙µ⊥ = p˙
µ + kµlν p˙
ν = (δµν + k
µlν + l
µkν) p˙
ν , (91)
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one finds, from orthonormality of the basis,
e˙µ(2) =
e
(3)
ν p˙ν
M e
µ
(3) , (92)
e˙µ(3) =
M
s
kµ − e
(3)
ν p˙ν
M e
µ
(2) . (93)
Having introduced V µ and Sµ, we can express the spin
bivectors alternatively as6
Sαβ = ǫαβγδV
γSδ, ∗Sµν = SµV ν − V µSν (94)
and write, similarly as in paper I (section II.C), equa-
tions for V˙ µ and S˙µ in terms of kµ and pµ. Actually,
multiplying S˙αβ = ǫαβγδV˙
γSδ + ǫαβγδV
γ S˙δ by ǫµναβVν
and ǫµναβSν , we obtain, respectively,
S˙µ = ǫµναβVνkαpβ = −∗S˙µνVν , (95)
s2V˙ µ = ǫµναβSνkαpβ = −∗S˙µνSν , (96)
where we have already regarded that sV˙ µ = −S˙µ ∼ eµ(3)
and s˙ = 0. Note that the above equations can also be
obtained very straightforwardly by differentiating
Sµ = −∗SµνVν , s2V µ = −∗SµνSν , (97)
and that, thanks to SµS
µ = s2, the magnitude of Sµ is
automatically constant along kµ.
G. Special cases of motion
The massless spinning-particle problem turns out to be
quite constrained, it offers much less freedom for various
special performances than the massive case. Let us still
mention two cases which arise naturally.
1. The pµ ∼ kµ circumstance
Notice, finally, that the tetrad (87) would be meaning-
less if pµ belonged to the eigen-plane of Sµν (i.e., if it
were some space-like combination of kµ and lµ), because
then s2 l˙µ ≡ −Sµαpα = 0 and, consequently, S˙αβ = 0 and
pµ⊥ ≡ Sµν l˙ν = 0. In such a case, all the vectors kµ, lµ, sµ,
V µ, Sµ and pµ would lie in the spin-bivector eigen-plane,
and most of them would be parallel transported along
the representative world-line: k˙µ = 0, l˙µ = 0, s˙µ = 0,
V˙ µ = 0, S˙µ = 0. However, as already noted below equa-
tion (74) and as best seen from equation (70), such a
circumstance would imply pα = −pβlβ kα, soM = 0 and
p˙α = −p˙βlβ kα, i.e. both pα and p˙α would also have to
6 Note that the above-introduced spin Sµ thus fixes the spin bivec-
tor uniquely, in contrast to the null spin sµ introduced by (67).
be light-like and proportional to kµ. According to equa-
tion (79), this would require ∗Cµναβkν lαkβ to be light-
like, which definitely does not hold for generic motion in
generic space-time. Using the metric decomposition
gµα = −kµlα − lµkα +mµm¯α + m¯µmα (98)
and regarding that the first two terms yield zero in the
scalar product below, one can rewrite the requirement as
0 = (∗Cµνκλkν lκkλ) gµα (∗Cαβγδkβlγkδ) =
= 2 (∗Cµνκλmµkν lκkλ)(∗Cαβγδm¯αkβlγkδ) =
= 2Ψ1Ψ1 , (99)
which is only satisfied for Ψ1 = 0, i.e., if i) either the
particle moves in the direction (kµ) of the double PND
of a Petrov-type-II space-time, ii) or the space-time is
of type N (and one aligns with its quadruple PND the
second vector lµ of the NP tetrad).
2. Stationary situation
The only basic scalar involved which may not be con-
stant is M. Consider now the case when it is constant,
M˙ = 0, but when M 6= 0, so pµ is space-like (if pµ were
light-like, it would immediately lead to pµ ∼ kµ, which
has already been mentioned above). From (66) one in-
fers – in both cases – that S˙αβ p˙β = 0, which implies that
p˙µ belongs to the eigen-plane of S˙µν . This eigen-plane
is spanned by kµ and l˙µ, so p˙µ has to be given by their
combination, say p˙µ = αkµ +Mβ l˙µ. In particular, p˙µ⊥
must be proportional to l˙µ, since it does not have any
component proportional to kµ by definition. Actually,
the latter also follows, given M˙ = 0, from (92).7
A related consequence of M˙ = 0 is of course pµp˙µ = 0.
Writing p˙µ as (79), inserting the metric (98) and using
kσp
σ = 0 and
l˙σp
σ = 0 ⇒ mσpσ = m¯σpσ = e
(2)
σ pσ√
2
=
M√
2
,
one can express the pµp˙
µ = 0 circumstance as a simple
condition for the type of space-time, because in terms of
the Weyl scalars computed in our NP tetrad it reads
0 = pµp˙
µ = −s ∗Cµναβ pµkν lαkβ =
= −s ∗Cµναβ(mµm¯σ + m¯µmσ) pσkν lαkβ =
= −Ms√
2
∗Cµναβ(mµ + m¯µ) kν lαkβ = (100)
=
Ms√
2
(−iΨ1 + iΨ1) =
√
2Ms ImΨ1 , (101)
7 Therefore, if M˙ = 0, then p˙µ
⊥
can be used, after normalization,
as the eµ
(3)
vector of the interpretation tetrad equally well as l˙µ.
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where, in the last row, equations (82) and (83) have been
used.
The coefficients of the p˙µ = αkµ +Mβ l˙µ relation can
also be found in terms of the Weyl scalars: multiplying
it by lµ and l˙µ, we have, respectively,
lµp˙
µ = −α . . . = 2s ImΨ2 , (102)
l˙µp˙
µ =MβM
2
s2
. . . = −
√
2MReΨ1 . (103)
V. CONCLUDING REMARKS
We have continued the study of a spinning-particle mo-
tion in the pole-dipole approximation. After treating,
in [1], the MPD equation of motion in an orthonormal
tetrad tied to the “reference observer” (denoted V µ), i.e.
in a tetrad involving as time leg the vector which fixes
the spin supplementary condition (SµνVν = 0), we have
considered the tetrad tied to the tangent of the world-line
that represents the particle’s history (denoted uµ). Both
possibilities lead to usable formulations of the problem,
with the latter (proposed in the present paper) being
slightly less efficient, because uµ cannot be freely chosen
(in contrast to V µ). In both cases, we showed how the
MPD equation decomposes if representing the curvature
terms in the language of Weyl-tensor scalars obtained
in the NP null tetrads naturally associated with the or-
thonormal ones. In the case of decomposing the MPD
equation in the uµ-based tetrad, we have also shown how
the projections look when computing the Weyl scalars in
a different NP tetrad (different than the naturally associ-
ated with the orthonormal uµ-based tetrad), namely the
one tied to a freely choiceable vector V µ.
Expressing the MPD-equation components in terms of
the Weyl scalars, one can infer whether and how the
exercise simplifies in particular Petrov types, provided
that the NP tetrad can be aligned with the highest-
multiplicity PND. Such an alignment is of course more
problematic for the uµ-based tetrad (if one does not want
to necessarily resort to the Sµνuν = 0 spin condition)
which is much less flexible. Another item has been to
see how the problem depends on the spin supplementary
condition. We saw, in particular, that for the most ad-
vantageous option uµ ‖ pµ, the interpretation tetrads we
had suggested (as given “intrinsically” by geometry of
the problem itself) were not available (two of their vec-
tors turn zero), and suggested simple alternatives (which
on the contrary do not work for the Sµνuν = 0 condi-
tion).
The second part of the present paper has been devoted
to spinning particles with zero rest mass. For them, the
world-lines are null geodesics, the spin vector is also light-
like (and proportional to the world-line tangent), the mo-
mentum is space-like (or null in a certain limit, which
however only corresponds to a specific motion in type-II
fields), and the Mathisson-Pirani spin condition follows
necessarily. In spite of these important differences, a sim-
ilar analysis can be performed as in the massive case, in
particular, a certain “intrinsic” interpretation tetrad can
again be proposed. The respective decomposition of the
MPD equation of motion is considerably simpler than
in the massive case, it contains only Ψ1 and Ψ2 scalars
and not the cosmological constant. Even (some of) these
are eliminated in type-III or type-N space-times if the
second null eigen-direction lµ of the spin bivector is iden-
tified with the main PND of the background curvature
(this is possible thanks to the less restricting nature of
the null Mathisson-Pirani condition), not mentioning the
case when the particle moves, at least at a given point,
along a PND.
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